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To observe radiation pressure noise in optical cavities consisting of suspended mirrors, high laser power
is necessary. However, because the radiation pressure on the mirrors could cause an angular anti-spring
effect, the high laser power could induce angular instability to the cavity. An angular control system
using radiation pressure as an actuator, which was previously invented to reduce the anti-spring effect
for the low power case, was applied to the higher power case where the angular instability would occur.
As a result the angular instability was mitigated. It was also demonstrated that the cavity was unstable
without this control system.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Second-generation ground-based interferometric gravitational
wave detectors, for example Advanced LIGO [1], Advanced Virgo
[2], GEO-HF [3], and KAGRA [4], are operated or constructed.
Among these gravitational wave detectors, Advanced LIGO de-
tected gravitational waves and established gravitational wave as-
tronomy [5]. The design sensitivities of these second-generation
interferometric gravitational wave detectors are limited mostly by
quantum noise. Thus, quantum noise must be reduced in order to
obtain better sensitivities for developing gravitational wave astron-
omy [6-13].

Quantum noise consists of radiation pressure noise and shot
noise [14]. To demonstrate the technique of reducing quantum
noise, especially radiation pressure noise, it is necessary to perform
a measurement limited by radiation pressure noise. In order to ob-
serve radiation pressure noise, i.e. in order to enhance radiation
pressure noise and reduce the other noises, high finesse Fabry-
Perot cavities consisting of suspended tiny mirrors are useful [15].
Such cavities are also used in experiments for other purposes, for
example exploring macroscopic quantum mechanics [16].
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However, the radiation pressure of the resonant light of the cav-
ity could cause an angular instability of the cavity depending on
the geometries of the cavity [17]. The angular instability occurs
due to the angular optical anti-spring effect generated by the radi-
ation pressure. The radiation-pressure-induced angular instability
of the optical cavity has been observed in experiments with vari-
ous scale mirrors [18-20]. This angular instability is more serious
in experiments which require higher laser power for observing ra-
diation pressure noise.

To mitigate the radiation-pressure-induced angular instability,
angular motion of the mirrors of the cavity should be controlled
to reduce the angular anti-spring effect which induces the angu-
lar instability of the cavity. The angular control technique has been
demonstrated in experiments with large size mirrors, for example
10 kg mirrors [19]. For experiments with tiny mirrors which do
not have conventional actuators because of spatial constraints, the
new angular control technique using radiation pressure as an actu-
ator was invented to reduce the angular optical anti-spring effect
[21,22]. The authors successfully demonstrated this angular con-
trol technique by observing a reduction of the optical anti-spring
effect [22]. However, previous experiments were carried out in a
low laser power regime where the cavity would not be unstable
even without the angular control system because of the low laser
power. That is, the angular optical anti-spring effect is small. In
other words, it was not yet verified if this angular control system
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Fig. 1. Schematic view of the cavity and the angular optical anti-spring effect gen-
erated by radiation pressure. The front and end mirrors are suspended. cg), Rr),
and O are the center of curvature, the radius of curvature (RoC), and angle of
the front (end) mirror, respectively. Positive directions of 6r and 6 are defined as
clockwise direction.

works also for the higher power case where the angular instability
of the cavity would occur without this control system.

In order to observe the radiation pressure noise in our exper-
imental setup, the intracavity power should be high enough such
that the angular instability would occur. Although the authors have
shown feasibility of the angular-control scheme [22], it is still re-
quired to demonstrate the mitigation of the angular instability
by this angular control system under high laser power condition
where the cavity would be unstable without this angular control
system.

2. Review of the angular optical anti-spring effect generated by
radiation pressure and its reduction

The radiation-pressure-induced angular anti-spring effect of a
suspended optical cavity as shown in Fig. 1 is explained in terms
of the equation of rotational motion of the mirrors composing the
cavity [23,24]. The equation of rotational motion of the end mirror
is obtained from Fig. 1 as

IEéE = —(Kmech — krp)OE — k;{peFa (1)
L 2Pint ’ 2Pint >
L=——— kpp= LgE, kyp = L),
( Togege ¢ o0 RT T

where Ig is the moment of inertia (Mol) for an axis of rotation
passing through the center of the end mirror, kpech, is the angular
mechanical spring constant of the end mirror, kgp is the angu-
lar optical anti-spring constant of the end mirror caused by the
radiation pressure of the resonant light on the end mirror, L is
the cavity length, and gr and gg are the g-parameters, which are
defined as g =1—L/R; (i =F, E), for the front and end mirrors, re-
spectively, Pjy¢ is intracavity power, and c is the speed of light. The
radiation pressure formed as kgrp applied to the end mirror works
as optical antispring. Therefore if kgp increases, in other words the
intracavity power increases, the rotational resonant frequency of
the end mirror decreases. Moreover, if kgp is larger than kmech, the
cavity would be unstable. The authors demonstrated the decrease
of the rotational resonant frequency caused by the angular optical
anti-spring effect [24].

In order to reduce the optical anti-spring effect inducing the an-
gular instability of the cavity, the angular control system that the
angle of the end mirror is fed back to the angle of the front mir-
ror was invented [21]. If the front mirror is much heavier than the
end mirror and the radiation pressure applied to the front mirror
is negligible, the angular control system is explained by the block
diagram shown in Fig. 2. In the angular control system, the dis-
placement of the beam spot on the end mirror is fed back to the
angular motion of the front mirror. If the end mirror is suspended

Fig. 2. Block diagram corresponding to the angular system of the cavity. Here,
Tr and Tg are external torques applied to the front and end mirrors respectively,
ér is the displacement of the beam spot on the end mirror, G¢ and Gg are mechan-
ical susceptibilities of the angular motions of the front and end mirrors respectively,
Fgp is the force applied to the end mirror cause by radiation pressure of the reso-
nant light in the cavity, and Ggp is the transfer function from the displacement of
the beam spot on the end mirror to the torque applied to the front mirror. Ggg can
be divided into three components, Ar, Erg, and Sqpp. Ar is the coil-magnet actuator
efficiency, Egp is the transfer function of the electric circuit for yaw-mode control,
and Sgpp is the sensitivity of the QPD. Epg includes a variable gain amplifier. Vexr
and Vyon are excitation and monitor ports, respectively, which are used to measure
8r/VMonN.

as a single pendulum, the transfer function from the torque ap-
plied to the end mirror to the angle of the end mirror, in other
words the susceptibility of the end mirror, with the angular feed-
back control is obtained as

b 1/4m%1g @)
TE N __f2 2 — (Rp—L)Fgp i fmech ’
o I:meCh 477215(1+CFBCFRF)] +1 Qmech f

where f is the frequency, Fgp is given by 2Pjn/C, fmecn iS the
mechanical rotational resonant frequency of the end mirror, and
Qmech is the mechanical Q-value of the rotational mode of the end
mirror. When the angular control system is off, i.e. Ggg =0, the
second term of the denominator in Eq. (2) is fﬁmh — %.
That is, the rotational resonant frequency of the end mirror de-
creases because of the angular optical anti-spring effect. When the
angular control system is on, the anti-spring effect is reduced by
the angular feedback control. For example, if |GggGgRE| > 1, the
rotational resonant frequency of the end mirror decreased by the

optical anti-spring effect, \/friech - %, would be the

mechanical resonant frequency, fmech. The authors demonstrated
experimentally that, using the angular feedback control, the rota-
tional resonant frequency of the end mirror is restored toward its
mechanical value [22].

3. Mitigation of the angular instability

The authors have already shown that the angular control sys-
tem can reduce the effect of the angular optical anti-spring under
the low laser power condition [22]. However, it is still necessary
to demonstrate experimentally the mitigation of the angular in-
stability. For this experimental demonstration, the angular control
system using radiation pressure used in a previous experiment [22]
to reduce the angular anti-spring effect under lower laser power
condition discussed in Sec. 2 is applied to the higher power case.

3.1. Experimental setup

Fig. 3 shows our experimental setup. The properties of the cav-
ity and its component mirrors are shown in Table 1. The end mir-
ror is suspended in a double pendulum structure. The front mirror
is suspended as a double pendulum and has a coil-magnet actu-
ator for controlling the rotational motion and the cavity length.
The laser source is a Nd:YAG laser of the 1064-nm wavelength.
The power of the laser incident to the cavity can be adjusted be-
tween 7 mW and 100 mW by adjusting the half wave plate and
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Fig. 3. Schematic view of our experimental setup. EOM is an electro-optic modula-
tor; FI, a Faraday isolator; HWP, a half wave plate; PBS, a polarizing beam splitter;
PD, a photo detector; QPD, a quadrant photo detector; LPF, an electronic low-pass
filter; FA and FA (Yaw), an electronic filter amplifier for length control and angular
control, respectively.

polarizing beam splitter. The intracavity power is determined by
the power of the transmitted light measured by the sum of the
quadrant photo detector (QPD) output, which is defined as Piraps,
and the calibration constant from the output voltage of the sum
signal of the QPD to the intracavity power is 5.0 = 0.1 W/V. The
cavity length is controlled with Pound-Drever-Hall method using
the light reflected by the cavity and the electro-optic modulator,
which modulates the incident light [25]. After the cavity, for mea-
suring the displacement of the beam spot on the tiny end mirror,
the lens and the QPD are placed. The focal length of the lens is
flens = (RE — L)/2, and the positions of the lens and the QPD are
Xlens = RF — L, and xqgpp = 2(Rf — L), respectively.

In this experiment, we measured the yaw mode of the end
mirror since the rotational resonant frequency in the yaw mode
of the mirrors is smaller than that in the pitch mode of the mir-
rors, i.e. the yaw mode would be unstable with lower laser power
than the pitch mode. From here, the properties of the angular con-
trol system of our experimental setup are explained. For the better
understanding of the angular control system, Ggg is divided into
three components as shown in Fig. 2; the sensor (QPD) measur-
ing the beam spot on the end mirror, Sqgpp, the electric circuit
for the angular control system, Egg, and the actuator moving the
front mirror, Ag. The yaw-mode mechanical susceptibility of the
end mirror is given by the single pendulum susceptibility and the
rotational resonant frequency of the end mirror, fiech, iS 2.62 Hz
and the Q-value, Qmech, is 6.7. The reason why the end mirror can
be considered to be single pendulum structure is that the higher
rotational resonant frequency of the end mirror is about 11 Hz
and the frequency is much higher than the measurement band,
between 0.5 Hz and 2.6 Hz. The yaw-mode transfer function of the
front mirror from the voltage applied to the coil-magnet actuator
to the angle of the front mirror is measured as

2
1
ApGr=— ) —————— (3)
am g f2+f2+1f”f
where A is the coil-magnet actuator efficiency of yaw mode, a; =
0.214 radHz?/V, fi = 2.59 Hz, Qq = 3.70, a, = 0.418 rad Hz?V,
f2 =16.2 Hz, and Q2 = 49. The transfer function of the electric
circuit for the yaw-mode control system is designed as

1+iL
fa (4)
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Fig. 4. Nyquist plots of Ggmp at three laser powers. The thin dotted lines are the-
oretical curves based on Eq. (5) and the thick dotted circle represents the unit
circle. The solid lines are determined by the measured data shown in Fig. 6. Note
that, in this plot, the moving radius is defined as log;o(|Gemr|) + 1 (|Geme| > 0.1),
0 (|Gemi| < 0.1) for readability. The intracavity power, Pjy, is determined by divid-
ing the transmitted power, Pans, by the calibration constant 5.0 +£0.1 W/V [24].

where Epc is the electric circuit’s DC gain which can be adjusted
by the variable resistance in the electric circuit, and f, =1.592 Hz
and f, =33.18 Hz, f. =160.2 Hz are the frequencies of the zero
and the two poles, respectively [21]. The sensitivity of the QPD is
Sqopp = 142.9 Vgym V/m, where Vgyny, is the output voltage of the
sum signal of the QPD.

3.2. Critical intracavity power making the cavity unstable

In terms of the equation of rotational motion, Eq. (1), the crit-
ical intracavity power, which is the upper limit power for stable
operation of the cavity without any angular control system, is
defined as Pt = Ckmech/(2L£gF). When the intracavity power is
larger than the critical power, the angular optical anti-spring ef-
fect, kgp, is larger than the mechanical spring effect of the end
Mirror, Kmech. IN our experimental setup, Pt is 0.8 W.

The critical power can be explained rather intuitively by
Nyquist plots of the control system, which are useful for discussing
whether a system is stable or unstable. Now, let us consider the
end mirror loop gain, in other words the open loop gain of the
lower loop in the block diagram shown in Fig. 2, which is given by

GemL = —Gg(Rf — L) Fgrp (5)

O Gg G
—(Gp=0)= = ) . (6)
(TE 1—-Geg(RF—L)Frp 14 GgmL

Here, the sign of Gy is defined in Eq. (6). In other words, when
the feedback loop is positive feedback, the sign of the open loop
gain is defined to be negative. The Nyquist plots of Ggyy at various
intracavity powers are shown in Fig. 4. According to this figure, the
feedback system with an intracavity power larger than 0.8 W is
unstable because the plot of Ggyp with an intracavity power larger
than 0.8 W encircles the point at (—1, 0).

According to the above discussion, Ggyp should be measured to
observe the angular instability of the cavity, Although Ggyp cannot
be measured directly when the cavity is unstable, Ggyp can be
determined by measurement of the transfer function from Vyon

Properties of the cavity and its components. The moment of inertia (Mol) of the end mirror is defined for an axis of rotation passing through the center of the end mirror

and perpendicular to the optical axis of the end mirror.

End mirror Front mirror Cavity
Mass Diameter Thickness Mol RoC Mass Diameter RoC Length Finesse
23 mg 3 mm 15 mm 1.7 x 1071 kgm? oo (flat) 55¢ 2.54 cm 1m 14 cm 1300
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Fig. 5. Time series data of the intracavity power at six laser powers. The solid lines
are measured data. The dotted line represents the critical intracavity power, 0.80 W.
At 4 seconds, the yaw-mode control is turned off.

to 8r in Fig. 2. This is because the transfer function from Vyon to
dr is obtained as

§r
VMoN

= —ArGeRF (7)

1+ Gem’
and all terms except Ggy in right-hand side of Eq. (7), i.e. Af, G,
and Ry are known. We measured §r/Vyon at several intracavity
powers by exciting the yaw mode of the front mirror by Vgxr.

3.3. Demonstrating the mitigation of the angular instability

For demonstrating the mitigation of angular instability, we need
to confirm the stable operation of the cavity under the high laser
power condition. Moreover, it should be confirmed that, under this
laser power condition, the cavity is indeed unstable without the
angular control system because of the radiation-pressure-induced
angular instability.

One way to demonstrate the mitigation of the angular instabil-
ity of the cavity is measuring the time series data of the intracavity
power with and without the angular feedback control. The cavity
storing an intracavity power higher than the critical power with
the angular control system cannot be operated if the angular con-
trol system does not work well. On the other hand, the cavity only
storing an intracavity power lower than the critical power can be
operated even without the angular control system. If this feature
of the cavity operation in the time series data depending on the
intracavity power is observed, the mitigation of the angular insta-
bility is indicated.

Another way to demonstrate the mitigation of the angular in-
stability is observing Ggyp with the feedback angular control. Ac-
cording to the discussion in Sec. 3.2, if the Nyquist plot of GgmL
measured with the angular control encircles the point, (—1, 0), the
cavity would be unstable without the angular control. In this way,
whether the cavity is stable or unstable can be decided without
the intracavity power measurement.

4. Results and discussion

At six different laser powers, the transmitted lights Prans,
which correspond to the intracavity powers, were measured in
time series data as shown in Fig. 5. At each laser power, Epc was
adjusted to keep almost the same DC gain of the angular control
loop, which is defined as Ggyp = GpsGgRE. The value of Epc for
each laser power is shown in Table 2. In Fig. 5, the yaw-mode
control is turned off at 4 seconds. When the yaw-mode control is
turned off, the intracavity power is reduced to almost 0 V, which
indicates that the lock of the cavity is lost, if the intracavity power
is higher than 0.8 W before 4 seconds. If the intracavity power

Table 2

Values of Epc at each laser power in the time-series measurement.
Ptrans (MV) 870 670 380 230 130 70
Epc 3.83 3.06 4.59 6.43 111 25.2

Gain [m/V]

Phase [deg]

05 06 07 0.8 09 1 1.5 2 25
Frequency [Hz]

Fig. 6. Transfer functions from Vo to 8r at three laser powers. The solid lines are
measured data and the dotted lines are theoretical curves based on Eq. (7).

is less than 0.8 W, the cavity remains locked even after the con-
trol system is turned off, although the fluctuation of the intracavity
power becomes larger.

The transfer function ér/Vyon was measured at three different
laser powers with yaw-mode control as shown in Fig. 6. In this
transfer function measurement, Epc was adjusted to keep almost
the same DC gain of Ggyr. The values of Epc at Prans = 320 mV,
116 mV, and 72 mV were 0.612, 1.15, and 3.83, respectively.

From Fig. 6 and Eq. (7), Ggmy can be determined in terms of
Nyquist plot as shown in Fig. 4. This Nyquist plot of Ggmy at
Pirans = 320 mV encircles the point (—1,0), while the other two
data at Pyans = 116 mV, and 70 mV do not encircle the point
(=1, 0). Thus, Fig. 4 indicates that, without the yaw-mode con-
trol, the cavity would be unstable if the intracavity power would
be larger than 0.8 W.

Fig. 5 indicates that the cavity which has the intracavity power
larger than the critical power can be operated with the angular
control system and is no longer stable without the angular con-
trol system. Fig. 4 indicates that, with the angular control system,
the cavity is operated stably under the condition where the cavity
would be unstable without the angular control system. Therefore,
Figs. 4, and 5 show that the radiation-pressure-induced angular
instability of the cavity is successfully mitigated by the angular
control system using radiation pressure.

5. Conclusion

The mitigation of the radiation-pressure-induced angular insta-
bility of the Fabry-Perot cavity consisting of suspended mirrors
with the angular control system using radiation pressure was suc-
cessfully demonstrated. In other words, with the angular control
system using radiation pressure, the Fabry-Perot cavity consist-
ing of suspended mirrors could be operated under the high laser
power condition where we confirm that the cavity would be unsta-
ble without the angular control system. Thus, the possibility that
the system which could be unstable originally cannot be made
stable by some unexpected mechanisms has been negated. This
demonstration of mitigating the angular instability of the cavity
indicates that the angular control system allows us to increase the
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intracavity power up to the level required for observing the radia-
tion pressure noise [15].

The angular control system can be used even if only one of
the mirrors has an electro-magnetic actuator. Our result in this
paper leads to the stable operation of the high-finesse cavity con-
sisting of the suspended tiny mirror for the measurement limited
by radiation pressure noise and for demonstrating the quantum
non-demolition measurement [15]. In addition, this angular con-
trol system using radiation pressure can also be applied to vari-
ous experiments using a mirror which is affected by the radiation
pressure and to which conventional actuators cannot be attached
because of spatial constraints or the requirement of a very high
mechanical Q value, for example experiments in optical levita-
tion [26].
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